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Trajectory planning of dynamic systems, in near real time, is important for aerospace systems, especially un-
crewed air vehicles and launched munitions. Trajectory plansthat do not consider the governing dynamicequations,
applicable path, and actuator constraints may be unrealizable during execution. A trajectory planning scheme is
proposed for a class of dynamic systems, referred to as differentially flat systems. The planner is motivated from
online computationsand is aimed to satisfy the state equations, path and actuator constraints, and given initial and
terminal constraints. The essence of the approach is demonstrated by two examples: 1) a hardware implementation
on a spring-mass-damper system to demonstrate real-time capabilities during pursuit and 2) trajectory planning
of a planar vertical takeoff and landing aircraft to illustrate the application to nonlinear problems.

I. Introduction

HE need to compute system trajectoriesin near real time stems
from the possibility of a system having to react quickly to
changes in external environment or the goal. For example, an un-
crewed air vehicle assigned to surveillance of an enemy facility
must quicky modify its trajectory in the presence of an enemy radar.
Similarly, it may need to modify its trajectory to make a detailed
investigationof a site of interest. If only the geometry of the vehicle
and its environment are used to compute a smooth trajectory, it will
usually be inconsistent with the governing dynamic equations. As
a result, such trajectories may become unflyable during execution.
This paper considers trajectory planning of dynamic systems to sat-
isfy explicitly the dynamic equations and inequalities on states and
inputs.
Even though the theory presented is applicable to more general
structures of dynamic systems, we assume that the system has the
following control affine nonlinear model

q=f(@) +gqu (1)

where ¢ € R" are the states, u € R are the controls, f(g) is an
n-dimensional smooth vector field, and g(g) is a smooth n x m
matrix function. It is well known that dynamic systems that do not
have a control affine form may still be expressed in the Eq. (1)
format by introducing new state and input variables, often related
to the derivatives of original variables. We impose the following
aditional path and actuator constraints on the motion of the system:

vt € [0,1/] )

where ¢ € "¢, The trajectory planning problem is to determine in
near real time ¢ (t) and u(?) to take the system from an initial state
q(0) to a goal, assuming such paths exist, while satisfying Eqs. (1)
and (2).

Planning has been an important research area in robotics and
astonautics. A large body of literature exists on path planning of
robots.! In these studies, geometries of the robot and environment
are used to find a set of feasible joint coordinatesbetween the initial

c(q,q,u) <0,
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pointand the goal.Once the viapoints are determined,a smoothjoint
trajectory is formed using conservative estimates of joint speeds
and joint accelerations? The input torque constraints are satisfied
through conservative estimates of joint accelerations. In aerospace,
optimal control theory is often used to minimize a cost functional
and to satisfy the system dynamic equations and inequalities>* It
is well known, however, that most approaches to optimal control
for nonlinear systems are computation intensive and are usually not
suited for real-time implementations.

Briefly, the steps adopted in this paper are as follows: 1) The
structure of the system dynamic equationsis exploitedto map the in-
equality constraintsto the higher-orderspace of outputfunctionsand
their derivatives.2) The constraintsare innerapproximatedoffline in
this higher-order space by a polytope using results of semi-infinite
optimization theory. 3) The feasible trajectories are characterized
within a class of admissible functions.4) A finite collocation grid in
time is chosen where the inequalitiesare satisfied. 5) The convex set
of coefficients associated with the basis functions is solved online.
These five steps are essentially described in the following sections
followed by examples and experiments.

Some salient features of this paper that distinguish it from other
work in the trajectory planning area are the following: 1) The state
equations are explicitly accounted for during trajectory planning.
2) The constraints are taken as general functions of states, deriva-
tives of states, and inputs. 3) The computations are divided into
offline and online, with the goal to have a hard time bound on the
online computations. 4) The approach is demonstrated in simula-
tion and in hardware with simple experiments. This approach for
real-time planning of dynamic systems in the higher-order space
of output functions using polytopic form of the constraintsis com-
pletely novel.

II. Flatness and Constraints in This Space

Classes of dynamic systems, referred to as differentially flat sys-
tems, have the special property that Eq. (1) admits the following
diffeomorphic representation over the state space’:

1)

q=q(z,z ,...,z(”“))

(3)
“)

U= u(z, P Z(p))

where z € R are suitably chosen output functions that are deter-
mined using results from linear and nonlinear systems theory. In
Egs. (3) and (4), p — 1 and p represent the highest derivatives of z
inthe expressionfor g and u, respectively. The integer p is a property
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Transformed Planning Problem

ez, 2, 20) < 0
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Fig.1 Trajectory planning problem in the original and transformed space.

of the system. Among others, flat systems include controllable lin-
ear systems, as well as nonlinear systems linearizable by static and
dynamic feedback. Hence, the theory presented in this paper can be
applied to a variety of engineering systems that include mechanical,
electrical, and chemical systems.

For differentially flat systems, a trajectory in the space of outputs
z(t) and its derivatives is consistent with the dynamics if it satis-
fies the boundary conditions. The states g (¢) and inputs u () can be
computed from z(¢) accordingto Egs. (3) and (4). Differentially flat
systems have been studied in the context of trajectory generation >-®
However, these studies were restricted to cases where the motion is
notsubjectto inequality constraints.In recentpublications, Agrawal
and Veeraklaew’ and Agrawal and Faiz® have investigatedthe prob-
lem of optimal trajectory generation for classes of differentially flat
systems, but without auxiliary constraints. This paper extends the
planning in the presence of auxiliary constraints.

Figure 1 shows the trajectory planning problem with auxiliary
constraints in the original and transformed spaces of z(f) and its
derivatives. The state equations in this flat space are trivially satis-
fied, and the constraints have the following form:

c(z, 20 z(”)) <0 %)
The salient features of the constraints in the space of z, zM L,
2P are as follows: 1) The governing dynamic equations are already
incorporated in the constraints.2) A feasible set S in the space of z,
zM, ..., 2P, characterized by these constraints, is usually noncon-
vex. A feasible trajectory for the system must lie entirely within S.
However, because of the nonlinear nature of the constraints, it is
impossible to estimate the required computation time to obtain such
a feasible trajectory. Therefore, we explore alternative procedures
to achieve this goal.

In this paper, we propose to inner approximate S by a polytope P
that lies entirely within S. We recall that polytopes are sets enclosed
by linearinequalities. Hence, this approximationallows the problem
to be solved later by linear programming as opposed to nonlinear
programming. Corresponding to Eq. (5), P has the form

Moz +MzV+ -+ M,z" +e<0 (6)
where My, My, ..., M, are (I x m) matrices, e a constant (/ X 1)
vector, and [ is the number of facets chosen to inner approximate
the polytope. As evident, different polytopes with the same number
of facets can be embedded within S. For example, if § was a circle,
one can potentiallyenclose a small or a large triangle, the three face
polytopes. Similary, one can enclose in the circle a polygon of more
than three sides such as a square, a pentagon, etc.

However, from a practical point of view, one would like to choose
a P thatencloses the maximum volume of S. A challenge then is to
approximate S by a polytope of maximum volume for a given num-
berof facets for the polytope. This is posed as an offline optimization
problem and solved using results of semi-infinite optimization the-
ory to be described.

III. Inner Approximation of a Set by Polytopes

In this section, a feasible set is inner approximated by linear
inequality constraints. By the use of the theory of semi-infinite op-
timization, the volume of a polytope with a given number of facets
is maximized. We refer to this procedure as %olytopic approxima-
tion and is implemented offline in MATLAB™ using the nonlinear
programming solver NPSOL®. The problem posed in the higher-
order space y =[7’ 7’V /"7 canbe stated as follows: Given
nonlinear functions ¢;(y) <0, i =1, ..., n., define a feasible set

S={ylci(y)<0,i=1,...,n.}. Find an inner approximation of §
by P of a fixed number of facets such that P C S and P attains the
largest volume.

Global optimization problems seek to minimize f(y) subject
to y € D, where D is the feasible domain. In outer approximation,
D is approximated from the outside by a sequence of nested poly-
topes D; D Dy D -+ D Dy D D suchthat min f (D) <—min f(Dy)
(Refs. 9-11). Dual approaches, called inner approximation, have
also been suggested where a feasible set D is approximated from
the inside by a sequence of expanding polytopes D, C D, C - -
C D, C D suchthat min f(D;) — min f(D) (Refs. 12 and 13). A
limitation of these approaches is that the set D is assumed to be
convex. In our work, the theoretical framework of Ref. 14, based
on semi-infinite optimization theory, is used to develop a computa-
tional approach to embed a polytope, with a fixed number of facets,
of largest volume within D. This approach works for nonconvex
sets D.

A. Semi-Infinite Optimization Theory

For a polytope P to lie within S, every point within the polytope
must satisfy the constraintsc;(y) <0,i =1, ..., n.. However, there
are infinite points within a polytope, and it is computationally im-
possible to verify the constraints at all of these points. Hence, it is
important to find points within P that are sufficient guaranteers of
the inequalities for all other points in P. Semi-infinite optimization
theory providesa framework to tackle such problems, that is, infinite
constraints are replaced by an appropriate finite set of constraints.
This section very briefly summarizes these results.

For a polytope P, we define V=[V, V, V,]" as the set
of vertices and Volume P (V) as its volume. A point y € P can be
written as a weighted sum of the vertices:

y=Vihi +Voky +--- + VA, 7
where A; are scalar weighting coefficients satisfying the following
properties:

A el0, 1],

j=1

Further, we define A=[X, A, ... Aq]T and consider A € B if the
preceding two conditionsare satisfied. The constraintsare also writ-
tenina vectorform: c(V, 1) =[c;(V, 1) ¢,(V, 1) --+ ¢, (V, M)].

We define now two problems, respectively denoted as semi-
infinite optimization problem (SNP) and finite-dimensional opti-
mization problem (NP).

SNP:
max{Volume P(V)|V € D} (8)
where D={V |¢(V,2) <0, 1 € B}.
NP:
max{Volume P (V) |V € D*} 9)

where D* = {V| c(V,_i) <0, A € B*}. Here B* C B and consists of
discrete {A], A, ..., A7} that correspond to points in P where the
constraints ¢; (y*) have maxima. The local reduction technique in
semi-infinite optimization theory specifies conditions on the local
equivalence of SNP and NP.!* For a V € D, let I(V)={A,, A,
o A bAe a finite set where one of the constraintsis active. For each
L € I(V), if there exists a continuous mapping f; : U, — U;,,
where Uy, and Uj, are, respectively,neighborhoodsof V and A, the



FAIZ, AGRAWAL, AND MURRAY 221

auxiliary problems max; {c; V., |re Us, } has only a finite number
of optima. This property allows replacement of SNP by NP. Also,
V is a local optimal of SNP if and only if V is a local optimal of
NP. For further details, refer to Ref. 14.

B. Optimization Loop

The results of Sec. III.A allow us to solve SNP by solving NP
using the following steps:

1) For the iteration step k=1, any set of vertices V; € D are
chosen. For k > 1, use the vertices V; from the previous iteration.
_ 2) For a B; C B, solve the auxiliary problems max;j {c;(V, 1) |
A € B;} as nonlinear programming problems. Collect these optima
as {A7, A, ..., AXL

3) Formulate the locally reduced problem

NP(V,):  max{Volume P(V)|V € Uy, }

st. (VAL AL .. A7) <0 (10)

Calculate an optimal solution \7;( of NP(V;).

4) Repeat from step 1 using V;, = V, until no furtherimprovement
is observed, that is, Vk ~ Vk _ 1. In this case, Vk is in the immediate
vicinity of V; _; and the locally reduced problem NP(V}) is a local
optimal for the corresponding SNP.

C. Algorithm Implementation

The polytopic approximation is performed offline. The steps of
the computer implementation are 1) creation of an initial polytope,
2) use of local reductiontechniquesto set up a finite grid, 3) solution
of the finite-dimensional optimization problem, and 4) iterations to
determine an optimal polytope.

In the implementation, we use polytopes with fixed numbers of
facets and vertices. We allow the locationsof verticesand orientation
of facets to change. We assume that the polytope has N facets and
N, vertices. If working in a space of dimension d, there is a total
of (N; + N,)d variables. Additionally, we define F' to be the set of
facets of the polytope and Q as the set of equations describing the
polytope.

The initial polytopeis chosen by selecting vertices on the surface
of aunithypersphereand creating a convex hull H of these vertices.
From this convex hull, we extract all subsequentlower dimensional
facets. For example, if H was a tetrahedron, it has four bounding
planes (the 2 facets), six edges (the 1 facets) and four vertices (the
0 facets). From each facet, we then determine the set of vertices V
and the constraintequations Q.

The volume of the polytope is computed by breaking it
down into simplices. The volume of an n simplex with vertices
{(Vi, Vo, ..., V, 1} is given by'

det[Vi =V, 1, Vo= Voy, ..., V, =V, /0! (1D

To use this result, the following steps are performed:
1) The centroid V., of the polytope is computed, where

2) For each facet, Delaunay tessellation is performed to form the
individual Delaunay cells. Along with the centroid of the polytope,
each Delaunay cell forms a simplex.

3) Evaluate the volume of each simplex and add for all facets.

In the optimization, a fixed number pointsis chosen on each facet.
By the use of these points, a finite grid of points is created to cover
the facet. The constraints are evaluated at each point on the grid to
obtain a set of nonlinear equations in terms of vertice coordinates.
The optimizationis performed using NPSOL. A local reductionstep
from SNP to NP preceeds the volume maximization step. During
volume maximization, the optimizationparameters are the elements
of the sets V and F.

Fig. 2 Largest pentagon inscribed in a unit circle (Sec. IILD,
problem 1).

Fig. 3 Largest quadrilateral in a prescribed non-convex region
(Sec. IIL.D, problem 2).

D. Results

The proposed polytopic approximation has been successfully ap-
plied to problems of varying dimension. In all cases, the initial
vertices were specified by choosing N, vertices to lie on a unit
hypersphere. Here, we present a few results: 1) The largest pen-
tagon contained in a unit circle is an intuitively obvious problem.
Figure 2 describes the largest pentagon in a circle obtained by the
program. 2) A nonconvex region is described by the equation D =
{x|xeR?, x12/3 -i—)cj/3 — 1 < 0}. The largest quadrilateral within
D using the algorithmis shown in Fig. 3. 3) For a feasible region D
given by sin2x; 4+ tanx, —1 <0 and —sin(2x; —30) — tanx, +
1 <0, the largest hexagon within D is shown in Fig. 4. 4) Consider
a feasible region D given by x? 4 xZ — sinx, cosx, — 1 <0 for
which the feasibleregion D is shown in Fig. 5. The largestpolytope,
with 8 verticesand 12 facets, lying within D is shown in Fig. 5. The
polytopicapproximationprogramhas alsobeen successfullyapplied
to problems in higher dimensions such as 4, 6, and 9.

IV. Trajectory Generation

With the use of theresults of Sec. II1, the nonlinearinequalitiesare
inner approximatedby a set of linear inequalitiesin the higher-order
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space of z(7) and its derivatives. The objective now is to develop
consistenttrajectoriesz(¢) over [0, 7] to steer the system with given
boundary conditions. We choose z(7) to have the following form:

k
2(1) = Do) + Y _ a6, (0) (12)

j=1

where z(¢) is an admissible solution.'® Here, ®,(¢) are m-dimension
vector functions that satisfy boundary conditions of z(#) and its
derivatives,¢; (7) are scalar functions that satisfy the boundary con-

14

Fig. 4 Largest hexagon L0
within the specified non-
convex region (Sec. IIL.D, 0.6
problem 3).
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ditions in theirhomogeneous form, and a; are m-dimension vectors
of constant coefficients. Here, ¢;(#) are chosen such that together
with ®g(¢), they span a complete set. There are many possible
choices of these basis functions as described in Ref. 7 and other
related papers by the authors.

When the form of z(t) from Eq. (12) is substitutedin Eq. (6), the
inequalities become

Zp: Zk: M;a;p (1) + Z]: M@ (1) +e <0

i=0 j=1 i=0

(13)

Here, a term such as ¢;.i)(t) represents the ith time derivative of
¢;(t). Equation (13) must be valid at all points in [0, #/], that is,
it represents an infinite number of constraints on the coefficients
a,...,a,. Weobservethat, with the form of the solutionin Eq. (12),
the coefficientsa; in Eq. (13) appearlinearly while the time  appears
nonlinearly. A number of schemes may be used to transform these
infinite constraints into a finite number of constraints. We use a
collocation grid in time to form a finite number of linear inequality
constraints in the elements of the coefficients a;. In Eq. (12), the

-1.5

-2

Fig.5 Largest eight-sided polytope in the given nonconvex region (Sec. IIL.D, problem 4).
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number of modes k can be taken to be infinitely large. However, in
practice, one would work with only a finite number of modes.

A. Collocation Scheme

A finite collocation grid is selected within [0, #/]. At each collo-
cation point, the constraint functions are staisfied. If needed, one
can ensure satisfaction of the constraints in between the collo-
cation points by bounding a finite number of derivatives of the
constraints at the collocation points. For the system described
in Eq. (13), N 42 collocation points #y, t, ..., ty, t; are chosen
such that fp <t; <t, <--- <ty <t;. The [ inequality constraints
of Eq. (13) result in a total of (N +2)/ linear inequalities on the
km elements of the mode coefficients ay, ..., a;. In general, these
linear inequalities enclose a convex polyhedral region in the coeffi-
cient space and characterize the feasible trajectories of the dynamic
system within the form of Eq. (12).

B. Linear Inequalities and Convex Sets

Itisclearthatfinding a solutionof Eq. (13)is equivalentto charac-
terizing the convex feasible region bounded by I = (N + 2)/ linear
inequalities on the mk elements of ay, .. ., a;. This section briefly
summarizes the computational aspects of determining the feasible
region enclosedby a set of inequalities. For more details, the readers
are referred to Ref. 17.

Every constraint partitions R™* into a half space. Let the inter-
section of these half spaces be denoted by a convex set K. It is
possible for K to be 1) empty, if the inequalities are inconsistent,2)
a bounded polytope, or 3) an unbounded convex region. These pos-
sibilities are shown in Fig. 6. It is implicitly assumed in this section
that the system of inequalities is consistent, that is, the convex set
K is nonempty. To characterize the feasible region /C, one needs to
define some terminologies and mathematical procedures.

In general, a system of linear inequalities is nonhomogeneous,
that is, contains constant terms. We label such a system as N (Z).
Corresponding to N'(Z), one can define a homogeneous system
‘H(Z) with all constant terms set to zero. Also, one can define N (€)
correspondingto N'(Z) and H (€) correspondingto H(Z), by replac-
ing the inequalitiesby equalities. The characteristicsof X depend on
the properties of these four systems: N (Z), H(Z), N'(£), and H(E).

A system of inequalities A (Z) is labeled as normal if the cor-
responding system of homogeneous equations H (&) has only null
solution. We will first consider the case where the system is normal
and later extend these ideas to systems that are notnormal. A normal
system of inequalities N (Z) possesses vertices, which are points of
K that are not interior to any line segment lying entirely within K.

To find the vertices of K, from A/ (€) consistingof I equations,we
solve all combinations of mk equations that have unique solution
points. In general, there are IC,.x such combinations. From these
solutions, we discard those that do not satisfy the original inequali-
ties A/(Z). Let us assume that this process results in a set of points
Py, ..., Py. These H points are the vertices of . Using these H
points,a convex hull (P, P,, ..., Py) is defined as follows:

(P, Py ..., Py) =8P+ 5P+ +syPy
s1,82,...,8 >0, Sttt s =1 (14)

To fully characterize X, one needs to check the existence of a
polyhedralcone. This is done by solving all combinationsof mk — 1

Fig.6 Convex sets Kin two variables with a consistent feasible region,
an unbounded feasible region, and an inconsistent feasible region.

equations from H(E). There are IC,x —1 such choices, and corre-
sponding to each, we pick a solution and its negative and check if
‘H(Z) is satisfied by any of these two points. All points that satisfy
‘H(Z) through this procedure are retained and are labeled as Ny, . . .,
Nc. The convex cone is defined as (N, ..., N¢), where

(Ni, Ny, ..., No) =riNi+ryNy+ -+ - +reNe

rl, r2, ...,rc¢ >0 (15)

If the system of linear inequalities N (Z) is normal with the con-
vex hull of its vertices (P, P,,..., Py) and the convex cone
(N1, N,, ..., N¢), then the domain K has the following analytical
form:

K= (P, Py, ..., Py)+ (Ni, Ny, ..., N¢) (16)
From this characterization, if (N, N, ..., N¢) is empty, the do-
main /X is a convex boundedpolytope.If (P, P,, ..., Py) isempty,

the domain /C is a convex cone. In general, X is a semibounded
convex region. If both (N, N,, ..., N¢) and (P, P, ..., Py) are
empty, K is empty.

If the system of inequalities A/(Z) is not normal, the correspond-
ing system of homogeneous equations H(£) contains a higher di-
mensional subspace £ besides the origin. For such a case, K has the
following form:

K=K +L 17

where /C, is the convex region enclosed by a reduced set of inequal-
ities NV, (Z) that is obtained from N'(Z) by setting an appropriate
number of variablesto zero thatequals the dimensionof £ (Ref. 17).

C. Computation Time

It is assumed in this section that the inequalities do not change
during trajectory recomputation but the goal point does. A motivat-
ing example is a pursuit problem. A chaser continuously pursues a
target and applies inputs to follow the target motion. In general, the
inequalities A/ (Z) can assumed to be normal and I > mk. To char-
acterize /C, the main computationsteps are to find the vertices P; of
the convex hull and N; of the convex cone. To compute the vertices
P;, onerequiressolving IC,.x setsof linear equationsinmk variables,
followed by inequality checks to determine feasibility with respect
to N'(Z). In the computation of vertices N;, one requires solving
IC,x_1 sets of linear equations in mk — 1 variables, followed by
inequality checks to determine feasibility with respect to H(Z).

Because of the nature of the involved computations, that is, so-
lution is required of sets of linear equations, one can put a time
stamp on the completion time in accordance with the capabilities
of the computer. However, such a time of completion is impossible
to determine if the constraints are kept in their original nonlinear
form. Also, if the problem had not been posed in the higher-order
space of z and its derivatives, the state equations would have to be
additionally satisfied at collocation points. Because we are looking
for a feasible solution, from a practical point of view, the solution
can be often obtained using only a few mode functions. The number
of collocation points can be kept to a minimum from computa-
tional considerationsof the problem. We demonstrate these notions
through examples in the next section.

V. Examples

The methods proposed in this paper are illustrated by two exam-
ples.Inthefirstexample, alaboratoryexperimentis used to highlight
the real-time implementation aspects. This example has upper and
lower bound constraints on states and input and is quite represen-
tative of constraints of a large number of physical systems. The
second example is of a planar vertical takeoff and landing (PVTOL)
aircraft, which captures a simplified model for a V-22 Osprey air-
craft.
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Fig.7 Schematic model of the three-mass-spring-damper system.

A. Mass-Spring-Damper System

This example is motivated from a rectilinear spring-mass—
damper experiment shown in Fig. 7. The system is driven by a
single actuator acting on mass 1 while the positions and rates of
the three masses are available to the controller through encoders.
To demonstrate aspects of real-time planning, mass 3 is physically
disconnected from the other masses. It is then used as a hand held
joystick to command the motion of the rest of the system, which
now consists of masses 1 and 2. This experiment is designed to
demonstrate real-time planning and online implementation during
pursuit situations.

A schematic of this system is shown in Fig. 7. It consists of two
degrees of freedom and a single input, thatis,n =4 and m = 1. The
equations of motion for this system are

mleZ) = —ky(x; —x) —kyx; +u

Y =k —x) —oxy” (18)

myX
From the structure, these equations can be rewritten in the following
higher-order form without change of coordinates:

Xy =2 (19)
xp = (my/k)z® + (c/ky)z + 2 (20)
u= (mlmz/k2)1(4) + (mlcz/k2)1(3) + {my + [my(k; + kz)/kl]}z(z)

+[ea(ky +k2)/k2]1(1) +kz @2n

From the physical limitations, the motion of the system must sat-
isfy the following two-sided constraints: |x;| < xy;, |x,| <Xy, and
|u| <u;. On substituting from Egs. (21), we get

lz] < xy, [(ma/k)z® + (c/ky)z ™V + 2] < xy

|(m1m2/k2)z(4) + (mlcz/k2)1(3) + {my + [my(k; + kz)/kl]}z(z)

+ey(ky + ko) /ha ]2V + k2] <y (22)

The boundary conditions at #, on x1, X, X5, and X, are known using
the encoder readings. At 7, the boundary conditions on x, and X,
are determined from sampled position and rate of slider 3. As a
result, four boundary conditions on z®,z®, z and z at t, and two
boundary conditionson z" and z at ¢ ; are known. The statement of
the problem is to find a feasible trajectory for the dynamic system
that satisfies Eqs. (22) and the appropriate boundary conditions on
derivatives of z.

We selectthe feasible solution of z(#) to have the following form:

(1) = (1) + a1 (t) + a1 (1) (23)

where ¢o(t) = by + bt +byt? +bst3 +bst3(1 — t) +bst3(1 — )2,
¢ () =1*(1 —1)2, and ¢, =1>(1 — )2, while assuming f, =0 and

) 5
a2

(23

2 has

0
04

5
35

100 0 03

n 4 0 50 | -0% 039 9| 05 04 41 03

Fig.8 Examplel (Sec. V), feasible regions with collocation scheme: six
collocation points, six collocation points with bounded first derivatives,
and six collocation points with bounded first and second derivatives.

05 #{sec) 1 0

05 H{gec) 1 05 F(sec) 1

Fig. 9 Example 1 (Sec. V), constraint satisfaction of a trajectory with
coefficient at a vertex point and the centroid of Fig. 8: six collocation
points, six collocation points with bounded first derivatives, and six col-
location points with bounded first and second derivatives.

t; =1. The coefficients b; are determined from the six boundary
conditions specified on the problem. Because of the forms of ¢, (¢)
and ¢,(f), here z(#) is admissible regardless of the values for
a; and a,. Consistent with the physical setup, the following pa-
rameters were used in the simulation and hardware implementa-
tion (all in mks units): m, =0.237, m, =0.49, k; = 800, k, = 100,
c=1.0, x;;,=0.03, x5, =0.03, and u; =52.5. For a representa-
tive set of boundary conditions, (x, X5, x;, ;)7 |y = (0.0, —0.0015,
0.0,0.0)7 and (x,, %,)7|, = (0.011, 0.0015)7, variants of the algo-
rithm were implemented in the simulation using six equally spaced
collocation points.

Figure 8 shows the feasible region in the coefficient space with
the following specifications: 1) constraints are satisfied at the collo-
cation points,2) constraintsand their first derivativesare bounded at
the collocation points, and 3) constraints and their first and second
derivativesare bounded at the collocationpoints. With 6 constraints,
6 collocation points, and 2 mode functions, the convex sets C in
the three cases are described, respectively, by 36, 72, and 108 lin-
ear inequalitiesin two variables. All computations were performed
symbolicallyusing MAPLE. From Fig. 8, one observes that the size
of the feasibleregion reduced progressivelyas furtherboundson the
derivatives of the constraints are added. For each case, trajectories
corresponding to a vertex point and centroid of the feasible region
were checked for constraint satisfaction. The results are plotted in
Fig. 9. From these plots, we notice that, as higher derivatives of
the constraints are bounded, the trajectories satisfy the constraints
throughoutthe domain.

A Pentium 166-MHz personal computer running Windows 95
was used to host ECPUSR software and its scripting language
compiler.'® The real-time trajectory generatorand tracker were writ-
ten within the ECPUSR environment. As a result, the experiments
were limited by compiler restrictions in terms of character length
of the program. The experiments were carried out using 3 equally
spaced collocation points. With 6 constraints, 3 collocation points,
and 2 modes, the feasible space was characterized by a system of
18 linear inequalities in 2 variables.

The controller samples the position and speed of mass 3 every
second and uses this to assign goal position and speed of mass 2 to
be attained at the end of next second. The current positionand speed
of masses 1 and 2 are used to generate the four initial conditions on
derivativesof y. In ECPUSR environment, the trajectory generation
takes roughly 20 ms, and the data are implemented over the next
0.98s.
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In the hardware implementation,an exponentialtrajectory tracker
is designed to make z(¢) asymptotically follow z,(#). The form of
the input u(t) is

u(t) = Bz V(1) + B2 (1) + BozP (1) + 1z (1) + Boza ()

+ 736D (1) + 1262 (1) + 11V (1) + pe(r) (24)

where e(t) = z,(t) — z(t), B; are the coefficients of z*) in the higher-
order model of the system, and y; are the feedback gains selected
to make the error dynamics stable, that is, the solution e(t) of the
equation

eD +[(Bs +13)/Ba)e® (1) + [(B2 + 12)/ Bule® (1)
+[(B1 +11)/Bale (@) + [(Bo + o) /Bale(t) =0 (25)

approaches from an initial condition to zero with a desired tran-
sient dynamics. Figure 10 shows the results of an experiment where
mass 3 is moved over a length of time and mass 2 follows the mo-
tion of mass 3 while satisfying the six constraints. From Fig. 10 it
is evident that the proposed algorithm has been successfully imple-
mentedinreal-time. A movieclip of this experimentis alsoavailable
at http:/mechsys4.me.udel.edu.

B. PVTOL Aircraft

We now address a PVTOL aircraft that captures some essential
dynamics of verticaltakeoffoperationof V-22 Osprey, a tiltrotorair-
craft designed by The Boeing Company and Bell Helicopters Tex-
tron, Inc. We analyzea phaseofits motionin the vertical plane. Some
relevant data are taken from the documented data of V-22. Figure 11
shows a PVTOL as a planar body B with a single thruster . The
position of the center of mass C in inertial frame (O,, X,, ¥,) is
(x, ). The mass of body B is m, and its inertia at C about an axis
perpendicularto the plane of the body is J. Frame (O, X,,, ¥,,) is
attached to body B with O, at a distance [ from C. Y, is along
O, C and the angle @ = £(X;X};). The orientation of the thruster
is independently controlled by the angle 6 = (X, F'). The thruster
force F is resolvedinto its two independentcomponents #; and u,,
aligned along axis Y, and X, respectively, where u, = F cos6 and
u; = F sin 6. The equations of motion of body B are

mxX = —u, sina + u, cosa
my = ujcosa + upsinae —mg, Ja =lu, (26)
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Fig.10 Data of a pursuit experiment where mass 3 is moved by a user
and mass 2 follows mass 3 while satisfying the constraints; overlays the
commanded motion of mass 3 and followed motion of masses 2 and 1.

Yg
b

Oy X,
Fig.11 PVTOL modeled as a planar body with two thrusters.

The problem is motivated from a made up scenario of a motion
where the aircraft takes off from a helipad and reaches a predeter-
mined altitude, while maintaining a safe flying envelope shown in
Fig. 12. The planned trajectories must satisfy the flying envelope
constraintsas well as the system equations (26). The constraints are
mathematically modeled as follows:

Envelope A:
7 (x — 100)
750sin —— < 27
M50 = @72)
Envelope B:
X
<1 i 27b
y < 1500sin 7300 (27b)
Physical limits on x:
0 < x <1000 (27¢)
Physical limits on y:
0=y (27d)

The final time is assumed to be 1000 s, and the boundary condi-
tions are selected in mks units as

x(0) = 50, y(©0) =1, £(0)=0

7(0) =0, £(0)=0 (28)
x(t;) = 850, () = 850, i) =0

y(ty) =0, ) =0 (29)

envelope B

Loz

F

% Pz - Buildings«__

Fig. 12 Scenario of a motion planning problem.
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Fig. 13 Polytopic approximation of the feasible region for example 2
(Sec. V).
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For the given model, /=0.435 m, m=17,000 kg, and J =
256,388.6 kem?.
For this system, the flat outputs z; and z, are'®

2=y 4+ (1/A)cosa (30)

where A =ml/J. The nonlinear inequality constraints (27) are
mapped into the flat space, and Fig. 13 shows the polytopic ap-
proximation within the region. The approximating polytope with
five sides is represented by five linear inequalities:

z1 =x — (1/A)sing,

0 <z, z; < 1000,
—0.000928z, + 0.001285z, <1,

0.01Z1 - 0.01Z2 < 1
2 < 1.7457Z1 (31)

The linear inequalities in Eq. (31) are satisfied by the trajectory
using the scheme presented in this paper. The forms of the solution
for the flat outputs are chosen as

21 = @+ a1 P11 +andPr, 23 = P9 + a1 Poy + an P

(32)

¢ 100 20¢ MG 400 S0C Q¢ TOC¢  20¢  OG¢ 1o
. _ tmeds)

& 100 20 W0 W0 W0 608 Tee B0 e 180¢
- time {s)

T ¢ 200 MC 400 S0¢ 800 TOG 200 LUC 1000
X

a)
1000

¢

¢ et 20¢  MC¢  d40¢  SGC EGG TG 200 900 1000
1000 fime {5}

¥ e

¢ 180 ;e W0C 400 SO0 SO0 TOC 200 900 1000
p. 4

b)

Fig. 14 Example 2 (Sec. V): a) trajectories using only @y and @,

violate the constraints between 50 and 250 s, b) on collocation, the tra-
jectory satisfies the constraints at all points.

where @y and &, satisfy the boundary conditions. Their expres-
sions are taken as

D =ag +aif +art(ty —t) +ast>(t; — 1) + agt*(t; — 1)°
Dyg = bg + byt + bat (t; — 1) + bst*(t; — 1) + byt*(t; — 1)*

D =Py = tz(tf—t)3, ®12:®22:t3(tf_t)3 (33)
When five collocationpoints are used evenly over ¢ € [0, 1000], lin-
ear inequalitiesin the coefficients a;, a,, a,1, and a,, are obtained.
This set is then solved to determine the vertices of a polytopein a,,
ap, ay;, and a,; space. The centroid of the polytopeis then selected
for trajectory generation. Figure 14 shows the feasible trajectories.
From Figs. 14, itis clear that a trajectory using only &, and &, vi-
olates the constraints. However, on imposing the constraintsthrough
collocation, the constraints are satisfied over time.

VI. Conclusions

This paper presented a method to generate feasible state and con-
trol trajectories of differentially flat systems subject to inequality
constraints. For such systems, we observe that the system dynamic
equations can be embedded into the constraints in the higher-order
spaceof flat outputs.In this space, the constraintsare usually nonlin-
ear and nonconvex. As a result, the nonlinear inequalities are inner
approximatedby a set of linearinequalities, performed offline using
results from semi-infinite optimization theory. The solution for the
flat variables are determined within a space of finite number of basis
functions. Because of the structure of linear inequalities and collo-
cation grid in time, the feasible solution is characterized by a set of
linear inequalitiesin the mode coefficients associated with the basis
functions. This computation is performed online, and a completion
time can be computed a priori, determined by the number of modes
and size of the collocation grid. This approach was demonstratedin
hardware on a pursuit maneuver with a spring-mass-damper sys-
tem. Also, simulationresults were provided fora PVTOL, motivated
from Osprey aircraft with simplified dynamic models. Even though
the feasibility of the approach has been successfully demonstrated
and the key steps have been identified, there is room to refine the
steps to make the algorithm computationally more attractive.
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